On parameter derivatives of the associated Legendre function of the first kind (with applications to the construction of the associated Legendre function of the second kind of integer degree and order) 
Introduction
Recently, an interest has arisen in the derivation of closed-form expressions for parameter derivatives of the associated Legendre functions [1] [2] [3] [4] . In Refs. [3, 4] , the present author has extensively studied such derivatives for the associated Legendre function function of the first kind, P µ ν (z), in the case when one of the parameters is a fixed integer. In particular, in Ref. [3] , using finite-sum expressions for P 
In the above equations, and in what follows, ψ(ζ) is the digamma function defined as
In the present paper, we shall pursue further the subject of derivation of closed-form expressions for parameter derivatives of the associated Legendre function of the first kind. First, in Section 2, we shall show that there exists a simple relationship between the derivatives [∂P Throughout the paper, we shall be adopting the standard convention according to which z ∈ C \ [−1, 1], with the phases restricted by
(this corresponds to drawing a cut in the z-plane along the real axis from z = −∞ to z = +1), hence,
Also, it will be implicit that x ∈ [−1, 1], µ, ν ∈ C and k, m, n ∈ N. Finally, it will be understood that if the upper limit of a sum is less by unity than the lower one, then the sum vanishes identically. The associated Legendre functions of the first and the second kinds used in the paper are those of Hobson [5] (cf. also Refs. [6] [7] [8] ). Before proceeding to the matter, we emphasize that the results obtained in the present paper are interesting not only for their own (mathematical) sake. The derivatives ∂P m ν (z)/∂ν and ∂P m ν (x)/∂ν are met in solutions of some boundary value problems of theoretical acoustics, electromagnetism, heat conduction and other branches of theoretical physics and applied mathematics (for a list of references illustrating this statement, see Ref. [4] ). Physical applications of the associated Legendre functions of the second kind of integer degree and order, Q m n (z) and Q m n (x), (for which, recall, several new explicit expressions are derived in Section 4) are even more abundant [9, 10] .
The departure point for our considerations in this section is the following Rodrigues-type formula, due to Barnes [11] , for the associated Legendre function of the first kind when the sum of its degree and its order is a non-negative integer:
In terms of the Jacobi polynomial
Eq. (2.1) may be rewritten as
(With no doubt, the reader has immediately realized that the Jacobi polynomial appearing on the right-hand side of Eq. (2.3) is a multiple of the Gegenbauer polynomial C (ν−m+1/2) m (z). However, we shall not make any use of this fact here.) Differentiation of Eq. (2.3) with respect to ν, followed by setting ν = n, yields
The replacement of m by n + m results in the relationship
If in Eq. (2.5) one exploits the following two explicit representations of the Jacobi polynomial P (α,β) n (z): 
It is seen that for m = 0 both the representations (3.1) and (3.2) of [∂P m ν (z)/∂ν] ν=n reduce to the formula
found by the present author in Ref.
[12, Section 5.2.7] (cf. also Ref. [13] ). From the above findings, one may deduce two interesting and, as we shall see in a moment, useful identities involving the function P m n (z). If we equate the right-hand sides of Eqs. (1.4) and (3.1), this results in the first of these relations:
Replacement of z by −z in the above equation, followed by the use of the well-known property
and also of Eq. (1.8), leads to the second identity: 
and 
From the representations of [∂P 
and the well-known property
Moreover, it does not offer any difficulty to derive counterpart expressions on the cut x ∈ [−1, 1] by using the formulas
together with
Concluding this section we note that, in principle, the relations (2.9) and (2.10) might be also used in the opposite direction, i.e., to construct representations for [∂P 
